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Consider the following stochastic differential equation (SDE):
dX t ¼ sðt; X tÞdwt þ bðt; X tÞdt;
X 0 ¼ x 2 Rd ;
(
ð1Þ
where s : Rþ  Rd 7!Rd  Rm; b : Rþ  Rd 7!Rd are Borel measurable functions,
and wt is an m-dimensional standard Brownian motion deﬁned on classical Wiener
space ðO;F; PÞ; namely O ¼ C0ðRþ;RdÞ with uniform convergence topology, P is
the Wiener measure and F is the P-completion of Borel ﬁeld BðOÞ: Here thesee front matter r 2004 Elsevier B.V. All rights reserved.
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X. Zhang / Stochastic Processes and their Applications 115 (2005) 435–448436stochastic integral is understood as Itoˆ’s integral. The theory of homeomorphic ﬂow
for this SDE was studied under the Lipschitz coefﬁcients by Yamada–Ogura [11] and
Kunita [6]:
ksðt; xÞ 
 sðt; yÞk þ kbðt; xÞ 
 bðt; yÞkpCTkx 
 yk
for all ðt; x; yÞ 2 ½0; T   Rd  Rd and some constant CT : Hereafter k  k denotes the
usual Euclidean norm. Their proofs were based on the Lp-estimates of solutions
X tðxÞ and the basic facts of algebra topology. In [11] profound results with non-
Lipschitz coefﬁcients, such as a non-conﬂuence (also called non-contact) property
and a strong comparison theorem, for such equations have been obtained. Based on
their works, it is possible to extend homeomorphic ﬂow property to the non-
Lipschitz coefﬁcients case.
If the unique strong solution for SDE (1) exists, to get the continuity of
ðt; xÞ 7! X tðxÞ; a key step for proving the homeomorphic ﬂow, we usually need the
following estimate by Kolmogorov’s criterion:
EkX tðxÞ 
 X sðyÞkppCðkx 
 yk þ jt 
 sjÞp0 ;
where p04d þ 1: In the case of Lipschitz coefﬁcients, this can be obtained by the
powerful Gronwall inequality. The situation changes completely, however, in the
non-Lipschitz case since the use of classical Gronwall inequality meets an obvious
difﬁculty.
Recently, the author and Ren in [8] studied the homeomorphic ﬂow property of
the solution of one-dimensional SDEs with non-Lipschitz coefﬁcients:
jsðt; xÞ 
 sðt; yÞj2pjx 
 yj2  g1ðjx 
 yjÞ;
jbðt; xÞ 
 bðt; yÞjpjx 
 yj  g2ðjx 
 yjÞ;
where gi; i ¼ 1; 2; are positive continuous functions, bounded on ½1;þ1Þ and
satisfying
lim
x#0
g1ðxÞ
log x
1
o1; lim
x#0
g2ðxÞ
log x
1
¼ 0:
Therein the main difﬁculty is to obtain the bicontinuity a.s. of ðt; xÞ 7!X tðx; wÞ: Once
establishing the bicontinuity, by the well-known non-contact property (cf. [11]), for
almost all w the mappings x 7!X tðx; wÞ are immediately one to one for all t 2 Rþ
since d ¼ 1; and the homeomorphic property also follows from Yamada–Ogura’s
approach. Moreover, the main feature of the result in [8] is the rapid decreasing of
the modulus of the continuity in x as t goes to inﬁnity, which was ﬁrst noticed by
Malliavin [7].
On the other hand, Zvonkin [12] put forward an approach of transformation of
phase space to remove the drift term when the matrix ðssÞðt; xÞ is uniformly non-
degenerate and bounded. This method could be used to construct the strong solution
when the drift term is only a bounded and measurable function. The main point for
us is that Zvonkin’s transformation also gives a homeomorphism from Rd to Rd :
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X. Zhang / Stochastic Processes and their Applications 115 (2005) 435–448 437Motivated by these works, in this paper we consider the following non-Lipschitz
coefﬁcients for multi-dimensional SDEs:
ksðt; xÞ 
 sðt; yÞk2pkx 
 yk2  g1ðkx 
 ykÞ; (2)
kbðt; xÞ 
 bðt; yÞkpkx 
 yk  g2ðkx 
 ykÞ; (3)
for all ðt; x; yÞ 2 Rþ  Rd  Rd ; where gi are positive continuous functions, bounded
on ½1;þ1Þ and satisfying
lim
x#0
giðxÞ
log x
1
¼ dio1; i ¼ 1; 2: (4)
The existence and uniqueness of strong solution to SDE (1) under the above
conditions are well known (cf. [10]), and the solution will be denoted by X tðx; wÞ: We
shall prove that for almost all w 2 O the mappings Rd 3 x 7!X tðx; wÞ 2 Rd are
homeomorphic for all t 2 Rþ: The strategy for proving this result is that we ﬁrst
prove it for small t, then by the argument of shifting time, we further prove it for all
t40: Here the ﬂow property of the solution plays a crucial role, i.e.:
X tþsðx; wÞ ¼ X stðX sðx; wÞ; wþsÞ a:s:
for all t; s40; where wþs is the usual translation of w and X s is the solution of SDE
(1) corresponding to bð þ s; xÞ and sð þ s; xÞ (cf. [6]). We remark that once this ﬂow
property holds, by a deep result of Arnold and Scheutzow [2], there is a common null
set outside of which
X tþsðx; wÞ ¼ X stðX sðx; wÞ; wþsÞ for all t; s40:
Moreover, we also obtain the rapid decreasing of the modulus of the continuity of
X tðx; wÞ in x as t goes to inﬁnity in the multi-dimensional case.
Notice that when dX2; the property that the mappings x 7!X tðx; wÞ are one to
one cannot be directly obtained from the continuity a.s. of ðt; xÞ 7!X tðx; wÞ and the
non-contact property. This difﬁculty will be overcome by using a truncation
technique.
Another motivation to study this problem comes from the study of the canonical
Brownian motion on the space of univalent functions [1]. The results in this paper
also work for SDE driven by inﬁnite many Brownian motions, and improves our
previous work [8]. An example satisfying (2)–(4) can be found in [1, Eq.(4.5)].
Following this work, we will study the large deviation for this ﬂow in a forthcoming
paper [9].
This paper is organized as follows: In Section 2, we prepare two lemmas which will
be used in the sequel. In Section 3, we study the homeomorphic ﬂow property of
SDE (1) with non-Lipschitz coefﬁcients (2)–(4) for small t. In Section 4, we extend
the small t to the arbitrarily large t. Finally, in Section 5, Zvonkin’s transformation is
applied to weaken the condition imposed on the drift term b.
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For 0oZo1=e; we deﬁne a concave function as
rZðxÞ :¼
x log x
1; xpZ;
Z log Z
1 þ ðlog Z
1 
 1Þðx 
 ZÞ; x4Z:
(
The following generalization of the Gronwall–Belmman type inequality comes from
Bihari [3]. For the reader’s convenience, we give it a proof.
Lemma 2.1. Let gðsÞ be a strictly positive function on Rþ satisfying for some d40
gðtÞpgð0Þ þ d
Z t
0
rZðgðsÞÞds; tX0:
Then for any T40; there is a constant C ¼ CðT ; d; ZÞ such that
gðtÞpCððgð0ÞÞexpf
dTg þ gð0ÞÞ; t 2 ½0; T : (5)
Proof. Set
hðtÞ :¼ gð0Þ þ d
Z t
0
rZðgðsÞÞds;
f ðxÞ :¼
Z x
Z
1
rZðrÞ
dr ¼ log log Z
log x
 
; 0oxoZ:
Then
f 
1ðxÞ ¼ expflog Z expf
xgg; xo0:
Noticing that rZ is increasing, we have
df ðhðtÞÞ
dt
¼ h
0ðtÞ
rZðhðtÞÞ
¼ drZðgðtÞÞ
rZðhðtÞÞ
pd:
If gð0Þ ¼ hð0ÞoZexpfdTg; then integrating both sides we get
f ðhðtÞÞpf ðhð0ÞÞ þ dtp
 dT þ dto0;
which in turn implies that
gðtÞphðtÞpf 
1ðf ðgð0ÞÞ þ dtÞ
¼ exp log Z exp 
 log log Z
log gð0Þ
 

 dt
  
¼ ðgð0ÞÞexpf
dtgpðgð0ÞÞexpf
dTg: ð6Þ
If gð0ÞXZexpfdTg; then
rZðxÞpZ log Z
1 þ ðlog Z
1 
 1Þx
pðgð0ÞÞexpf
dTg log Z
1 þ ðlog Z
1 
 1Þx:
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gðtÞpgð0Þ þ Td log Z
1ðgð0ÞÞexpf
dTg þ dðlog Z
1 
 1Þ
Z t
0
gðsÞds:
Gronwall’s inequality yields
gðtÞpC gð0Þ þ ðgð0ÞÞexpf
dTg : (7)
(6) and (7) give (5). &
We shall also need a useful lemma about the continuous modiﬁcation of a
stochastic process which was established in [8]. Here we state it in a slightly different
way.
Lemma 2.2. Let I  Rm be a rectangle and fX t; t 2 Ig be a stochastic process with
multi indexes. For n 2 N let
X nt :¼ ðX t ^ nÞ _ ð
nÞ:
If for all n, X n has a continuous version, then X  also has a continuous version.
Proof. Let ~X
n
denote a continuous version of X n and J denote the set of all rational
points in I. Set
A1 :¼ w : 8n 2 N; t 7! ~X nt ðwÞ is continuous
	 

;
A2 :¼ w : 8n; 8t 2 J; ~X nt ðwÞ ¼ X nt ðwÞ
	 

;
and
A3 :¼
[1
n¼1
Bn;
where
Bn :¼ w : 8t 2 J; j ~X nt ðwÞjon
	 

:
Then A :¼ A1 \ A2 \ A3 has probability one. For w 2 A; deﬁne
~X tðwÞ :¼ ~X nt ðwÞ if w 2 Bn:
We have to show that ~X is well-deﬁned. In fact, if w 2 A1 \ A2 \ Bn and t 2 J then
~X
nþ1
t ðwÞ ¼ X nþ1t ðwÞ ¼ X tðwÞ ¼ X nt ðwÞ ¼ ~X
n
t ðwÞ:
Hence by the continuity
~X
nþ1
t ðwÞ ¼ ~X
n
t ðwÞ; 8t:
This means that ~X is well-deﬁned. Moreover, it is clear that I 3 t 7! ~X tðwÞ is
continuous for w 2 A:
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P w : lim
n!1
X nt ðwÞ ¼ X tðwÞ
n o
¼ 1;
P w : lim
n!1
~X
n
t ðwÞ
n
¼ ~X tðwÞ

 ¼ 1;
P w : 8n 2 N; ~X nt ðwÞ ¼ X nt ðwÞ
	 
 ¼ 1:
So P w : ~X tðwÞ ¼ X tðwÞ
	 
 ¼ 1: &3. Homeomorphic ﬂows for small t
In this section, we shall work on the assumptions (2)–(4). We begin with the
following crucial lemma.
Lemma 3.1. For any pX2; T40; there are three positive constants C1 ¼ C1ðd; p; TÞ;
C2 ¼ C2ðd; p; d1; d2Þ and C3 ¼ C3ðd; p; T ; d1; d2Þ such that
EkX sðxÞ 
 X tðxÞkppC1 1þ kxkpð Þjs 
 tjp=2; s; t 2 ½0; T ; x 2 Rd ;
EkX tðxÞ 
 X tðyÞkppC3 kx 
 ykpexpf
C2Tg þ kx 
 ykp
 
; t 2 ½0; T ; x; y 2 Rd :
Proof. The ﬁrst estimate is standard by Lemma 3.4 below, and we omit the proof.
Let us look at the second estimate. Set Zt ¼ X tðxÞ 
 X tðyÞ: Then
Zt ¼ x 
 y þ
Z t
0
½sðs; X sðxÞÞ 
 sðs; X sðyÞÞdws þ
Z t
0
½bðs; X sðxÞÞ 
 bðs; X sðyÞÞds:
By Itoˆ’s formula we have
kZtkp ¼ kZ0kp þ p
X
i
Z t
0
kZskp
2Zis dZis þ
1
2
p
X
i
Z t
0
kZskp
2 d/ZiSs
þ 1
2
pðp 
 2Þ
X
i;j
Z t
0
kZskp
4ZisZjs d/Zi; ZjSs
¼ kZ0kp þ a martingale
þ p
X
i
Z t
0
kZskp
2Zis biðs; X sðxÞÞ 
 biðs; X sðyÞÞ
 
ds
þ 1
2
p
Z t
0
kZskp
2  ksðs; X sðxÞÞ 
 sðs; X sðyÞÞk2 ds
þ 1
2
pðp 
 2Þ
Z t
0
kZskp
4k½sðs; X sðxÞÞ 
 sðs; X sðyÞÞZsk2 ds:
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EkZtkppkZ0kp þ C02
Z t
0
E kZskp
1kbðs; X sðxÞÞ 
 bðs; X sðyÞÞk
 
ds

þ
Z t
0
E kZskp
2  ksðs; X sðxÞÞ 
 sðs; X sðyÞÞk2
 
ds

pkZ0kp þ C02
Z t
0
E kZskpðg1 þ g2ÞðkZskÞ
 
ds;
where C02 ¼ C02ðd; pÞ:
Condition (4) implies that there is a Z ¼ Zðp; d1; d2Þ40 sufﬁciently small such that
C02  xpðg1ðxÞ þ g2ðxÞÞpC2rZðxpÞ; x 2 Rþ;
where C2 ¼ C2ðd; p; d1; d2Þ:
Thus by Jensen’s inequality, we further have
EkZtkppkZ0kp þ C2
Z t
0
E rZ kZskpð Þ
h i
ds
pkZ0kp þ C2
Z t
0
rZðEðkZskpÞÞds:
Inequality (5) gives
EkZtkppC3 kZ0kp expf
C2Tg þ kZ0kp
 
;
and the proof is complete. &
In this lemma we ﬁrst choose p sufﬁciently large and secondly T ¼: T0 sufﬁciently
small such that
p expf
C2T0g42d þ 1: (8)
Put
b :¼ expf
C2T0g 

d þ 1
p
: (9)
In the following, we shall ﬁx the p; T0 and b; and denote BR :¼ fx 2 Rd ; kxkpRg for
any R40:
Then Kolmogorov’s criterion allows us to obtain:
Theorem 3.2. (i) The mapping
½0; T0  Rd 3 ðt; xÞ 7!X tðx; wÞ 2 Rd
has a bi-continuous version and still denoted by X tðxÞ:
(ii) For any R40 and t 2 ½0; T0;
sup
xay2BR
kX tðx; wÞ 
 X tðy; wÞk
kx 
 ykb oþ1 a:s:
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property:
xay ) Pfw : X tðx; wÞaX tðy; wÞ; for all t40g ¼ 1:
We shall strengthen this property as:
Theorem 3.3.
Pfw : X tðx; wÞaX tðy; wÞ for any xay and all t 2 ½0; T0g ¼ 1:
In particular, for almost all w; Rd 3 x 7!X tðx; wÞ 2 Rd is a continuous injection for
each t 2 ½0; T0:
Proof. Set
Zðt; x; yÞ :¼ kX tðxÞ 
 X tðyÞk
1
D :¼ ½0; T0  ðx; yÞ 2 R2d ; xay
	 

:
Then
Pfw : Zðt; x; yÞoþ1 for all rational points ðt; x; yÞ 2 Dg ¼ 1:
So it is sufﬁcient to show that Zðt; x; yÞ has a continuous version on D.
Note that
Zðt; x; yÞ ^ n ¼ ½kX tðxÞ 
 X tðyÞk _ ð1=nÞ
1;
by Lemma 2.2, we only need to prove that for any n 2 N
gnðt; x; yÞ :¼ kX tðxÞ 
 X tðyÞk _ ð1=nÞ
has a continuous version on D. For any R40; by Lemma 3.1 we have the estimate
Ejgnðt; x; yÞ 
 gnðt0; x0; y0Þjp
pEjkX tðxÞ 
 X tðyÞk 
 kX t0 ðx0Þ 
 X t0 ðy0Þkjp
p2p
1ðEkX tðxÞ 
 X t0 ðx0Þkp þ EkX tðyÞ 
 X t0 ðy0ÞkpÞ
pC4 jt 
 t0jp=2 þ kx 
 x0kp expf
C2T0g þ ky 
 y0kp expf
C2T0g
 
for t; t0oT0 and x; x0; y; y0 2 BR satisfying kx 
 x0kpZ0; ky 
 y0kpZ0; where Z0 is
sufﬁciently small and C4 ¼ C4ðd; p; T0; R; C3Þ: By (8), then Kolmogorov’s criterion
gives the desired continuity. &
The following lemma is crucial in proving the surjective property.
Lemma 3.4. For any T40 and every a 2 R; there exists a constant CT ;a such that
E 1þ kX tðxÞk2
 apCT ;a 1þ kxk2 a; t 2 ½0; T ; x 2 Rd :
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1þ kX tk2
 a ¼ 1þ kxk2 a þX
i
Z t
0
2a 1þ kX sk2
 a
1
X is dX
i
s
þ
X
i
Z t
0
a 1þ kX sk2
 a
1
d/X iSs
þ
X
ij
Z t
0
2aða
 1Þ 1þ kX sk2
 a
2
X isX
j
s d/X
i; X jSs
¼ 1þ kxk2 a þmartingale
þ
X
i
Z t
0
2að1þ kX sk2Þa
1X isbiðs; X sÞds
þ
Z t
0
a 1þ kX sk2
 a
1ksðs; X sÞk2 ds
þ
Z t
0
2aða
 1Þ 1þ kX sk2
 a
2ksðs; X sÞX sk2 ds:
Since b;s are linear growth, we get
E 1þ kX tk2
 ap 1þ kxk2 a þ CT ;a
Z t
0
E 1þ kX sk2
 a
ds:
Gronwall’s inequality is applied to obtain the estimate. &
Now we can prove that under the assumptions (2)–(4) the mappings x 7!X tðx; wÞ
are homeomorphisms on Rd by the approach of Kunita [6, pp. 160–161; 5].Theorem 3.5. For almost all w; the maps Rd 3 x 7!X tðx; wÞ 2 Rd are homeomorphism
for each t 2 ½0; T0:
Proof. Set Rd :¼ Rd [ f1g and deﬁne
Y tðxÞ :¼
ð1þ kX tðxÞkÞ
1; x 2 Rd ; t 2 ½0; T0;
0; x ¼ 1; t 2 ½0; T0:
(
We show that Y tðxÞ has a bi-continuous modiﬁcation on ½0; T0  Rd : By Theorem
3.2, we only need to show the continuity of Y tðxÞ at 1: Put
~Y tðxÞ :¼
Y tðx=kxk2Þ; xa0; t 2 ½0; T0;
0; x ¼ 0; t 2 ½0; T0:
(
Then the continuity of Y tðxÞ in a neighborhood of 1 is transferred to the one of
~Y tðxÞ in a neighborhood of 0.
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E k ~Y tðxÞ 
 ~Y sðyÞkp
 
pE k ~Y tðxÞkp  k ~Y sðyÞkpðkX tðx=kxk2Þ 
 X sðy=kyk2ÞkÞ
 
p Ek ~Y tðxÞk4p
 1=4
Ek ~Y sðyÞk4p
 1=4ðEkX t x=kxk2 
 X sðy=kyk2Þk2pÞ1=2
pCkxkpkykp xkxk2 

y
kyk2




p expf
C2T0g
 
þ xkxk2 

y
kyk2




p
þ 1þ 1kxkp
 
js 
 tjp=2

pC kx 
 ykp expf
C2T0g þ js 
 tjp=2
 
for all x; y 2 B1; xa0; ya0; s; t 2 ½0; T0 and some C ¼ Cðd; p; T0; C3Þ: Note that if x
or y is 0, then by the deﬁnition of ~Y and Lemma 3.4 this estimate still holds.
By Kolmogorov’s criterion, we obtain a bi-continuous modiﬁcation of f ~Y tðxÞg on
½0; T0  B1: Therefore, we get the continuity of fY tðxÞg on ½0; T0  Rd : Now we
additionally deﬁne X tð1Þ  1; then fX tðxÞg is continuous on ½0; T0  Rd : Since
x 7!X 0ðxÞ ¼ x is an identical map, then the mapping x 7!X tðxÞ is onto for each
t 2 ½0; T0 (see [6, p. 161]). Further, by Theorem 3.3, the mapping x 7!X tðxÞ is a
homeomorphism for each t 2 ½0; T0; and the proof is complete. &4. Homeomorphic ﬂows for all t40
In this section, we shall use the method of shifting time to prove the
homeomorphic property of x 7!X tðxÞ for all t40: We have:
Theorem 4.1. (i) The mapping
Rþ  Rd 3 ðt; xÞ 7!X tðx; wÞ 2 Rd
has a bi-continuous version.
(ii) For any R40 and t40;
sup
xay2BR
kX tðx; wÞ 
 X tðy; wÞk
kx 
 ykb1þ½t=T0 
oþ1 a:s:;
where T0 is defined in (8) and b is defined by (9), ½a denotes the integer part of real
number a.
(iii) P w : X tðx; wÞaX tðy; wÞ; for any xay and all t40
	 
 ¼ 1:
(iv) For almost all w; the maps Rd 3 x 7!X tðx; wÞ 2 Rd are homeomorphism for each
t 2 Rþ:
Proof. Without any loss of generality, we may assume that t 2 ½T0; 2T0:
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dX t ¼ sðt þ T0; X tÞdwþT0t þ bðt þ T0; X tÞdt; t 2 ½0; T0
X 0 ¼ x 2 Rd ;
(
where wþT0t :¼ wtþT0 
 wT0 is still an m-dimensional standard Brownian motion.
Then by the uniqueness of solution we have (cf. [6,4])
X tþT0 ðx; wÞ ¼ X T0t ðX T0 ðx; wÞ; wþT0 Þ a:s: (10)
for all t 2 ½0; T0: Moreover, by the result in previous section we have:
ði0Þ The mapping
½0; T0  Rd 3 ðt; xÞ 7!X T0t ðx; wþT0 Þ 2 Rd
has a bi-continuous version.
ðii0Þ For any R40 and t 2 ½0; T0;
sup
xay2BR
kX T0t ðx; wþT0Þ 
 X tðy; wþT0 Þk
kx 
 ykb oþ1 a:s:
ðiii0Þ
P w : X T0t ðx; wþT0ÞaX T0t ðy; wþT0 Þ; for any xay and all t 2 ½0; T0
	 
 ¼ 1:
ðiv0Þ For almost all w; the maps Rd 3 x 7!X T0t ðx; wþT0Þ 2 Rd are homeomorphism
for each t 2 ½0; T0:
We now prove the theorem.
(i) Deﬁne
~X tþT0 ðx; wÞ :¼ X T0t X T0 ðx; wÞ; wþT0
 
:
Since ðt; xÞ 7!X T0t ðx; wþT0 Þ and x 7!X T0ðx; wÞ are continuous a.s., we obtain the
continuity of ðt; xÞ 7! ~X tþT0ðx; wÞ a.s. By (10), we have
~X tþT0 ðx; wÞ ¼ X tþT0 ðx; wÞ a:s:
We still denote by X tþT0ðx; wÞ the continuous version ~X tþT0ðx; wÞ: Thus, there is a
subset A  O with PðAÞ ¼ 1 such that for all w 2 A
X tþT0 ðx; wÞ ¼ X T0t X T0 ðx; wÞ; wþT0
 
; 8t 2 ½0; T0: (11)
(ii) Put x0 :¼ X T0 ðx; wÞ; y0 :¼ X T0 ðy; wÞ: For any R40; let R040 be sufﬁciently
large such that
fX T0ðx; wÞ : x 2 BRg  BR0 :
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sup
xay2BR
kX tþT0ðx; wÞ 
 X tþT0 ðy; wÞk
kx 
 ykb2
¼ sup
xay2BR
kX tþT0 ðx; wÞ 
 X tþT0 ðy; wÞk
kX T0ðx; wÞ 
 X T0 ðy; wÞkb
 kX T0 ðx; wÞ 
 X T0ðy; wÞk
b
kx 
 ykb2
¼ sup
xay2BR
kX T0t x0; wþT0
 
 X T0t y0; wþT0 k
kx0 
 y0kb 
kX T0 ðx; wÞ 
 X T0ðy; wÞkb
kx 
 ykb2
p sup
x0ay02BR0
kX T0t ðx0; wþT0 Þ 
 X T0t y0; wþT0
 k
kx0 
 y0kb  supxay2BR
kX T0 ðx; wÞ 
 X T0ðy; wÞk
kx 
 ykb
 !b
oþ1; a:e:
(iii) and (iv) follows from ðiii0Þ ðiv0Þ and (11). Moreover, for almost all w
X
1tþT0 ðx; wÞ ¼ X
1T0 X T0t
 
1
x; wþT0
 
; w
 
; 8t 2 ½0; T0: &
5. Homeomorphic ﬂows with Dini’s type drift
In this section, we assume that(C1) s : Rþ  Rd 7!Rd  Rm is a bounded continuous function with respect to ðt; xÞ:
(C2) s is non-degenerate, i.e., there is a c40 such that
xssðt; xÞxXckxk2; 8ðt; x; xÞ 2 Rþ  Rd  Rd ;
where  denotes the transpose.(C3) b : Rþ  Rd 7!Rd is a bounded measurable function satisfying Dini’s
condition
kbðt; xÞ 
 bðt; yÞkprðkx 
 ykÞ;
for all t 2 Rþ; where r is a positive function on Rþ satisfying
R
0þðrðrÞ=rÞdro
þ1:Let us recall the following transformation theorem of the phase space [12].
Theorem 5.1 (Zvonkin’s transformation). Let T40: Under the assumptions (C1)–(C3),
there exists a mapping u : ½0; T   Rd 7!Rd which enjoys the following properties:
(i) For any fixed t 2 ½0; T ; the function uðt; xÞ ¼ utðxÞ : Rd 7!Rd is a one-to-one and
onto mapping, and the inverse mapping is denoted by vtðyÞ ¼ vðt; yÞ:
(ii) The mappings uðt; xÞ and vðt; yÞ have bounded first and second order derivatives
u0xðt; xÞ; u00xxðt; xÞ and v0yðt; yÞ; v00yyðt; yÞ:
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 sðt; vðt; yÞÞ; then the solution Y tðyÞ to
dY t ¼ ~sðt; Y tÞdwt;
Y 0 ¼ y 2 Rd ;
(
and the solution X tðxÞ to
dX t ¼ sðt; X tÞdwt þ bðt; X tÞdt;
X 0 ¼ x 2 Rd ;
(
has the following relation:
Y t ¼ uðt; X tðvð0; yÞÞÞ; X t ¼ vðt; Y tðuð0; xÞÞÞ: (12)deﬁned by
Proof. Let us brieﬂy recall the idea of the proof. Let L be the elliptic operatorL :¼ @t þ
Xd
i¼1
biðt; xÞ@xi þ
1
2
Xd
i;j¼1
ðssÞijðt; xÞ@2xixj :
For ﬁxed T40 and each 1pkpd; let ukðt; xÞ be the solution to the following
parabolic type equation (cf. [12, p. 133]):
Lukðt; xÞ ¼ 0;
ukðT ; xÞ ¼ xk;
where xk is the kth component of vector x. Set
uðt; xÞ :¼ ðu1ðt; xÞ; . . . ; ud ðt; xÞÞ : ½0; T   Rd 7!Rd :
Then for each t 2 ½0; T ; the mapping Rd 3 x 7! utðxÞ 2 Rd is a homeomorphism and
has properties (i) and (ii) (cf. [12, pp. 133,142]). By Itoˆ’s formula, (iii) can be proved
directly. &
Basing on this theorem and Theorem 4.1, we have:
Theorem 5.2. Under assumptions (2), (C1)–(C3), for almost all w the mappings Rd 3
x 7!X tðx; wÞ 2 Rd are homeomorphism for each t 2 Rþ:
Proof. By (ii) in the above Theorem and condition (2), we have
k ~sðt; xÞ 
 ~sðt; yÞk2p2ksðt; vðt; xÞÞk2  ku0xðt; vðt; xÞÞ 
 u0xðt; vðt; yÞÞk2
þ 2ksðt; vðt; xÞÞ 
 sðt; vðt; yÞÞk2  ku0xðt; vðt; yÞÞk2
pCðkvðt; xÞ 
 vðt; yÞk2 þ ksðt; vðt; xÞÞ 
 sðt; vðt; yÞÞk2Þ
pCkvðt; xÞ 
 vðt; yÞk2ð1þ g1ðkvðt; xÞ 
 vðt; yÞkÞÞ
pCkx 
 yk2ð1þ rZðkx 
 ykÞÞ
¼: kx 
 yk2g3ðkx 
 ykÞ;
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and satisfying
lim
x#0
g3ðxÞ
log x
1
o1:
So the result follows from (iv) in Theorem 4.1 and relation (12). &
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